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Abstract. The problem of delermining a uniform sampling time interval for monitoring
serially correlated groundwater heads is the main subject discussed here. The problem is
approached by stochastic time serics analysis and modeling. An autoregressive integrated
moving average model is assumed to fit the underlying series. Given that groundwater
head data can be sampled at different time intervals and that the same stochastic model
must represent the time series regardless of the sampling timescale, the parameters of the
underlying model for the scries sampled at a given arbitrary time interval A are obtained
as a function of 4 and as a function of the model parameters for the series sampled at a
unit time interval. This is accomplished by linking the derived variances and
autocovariances al the two sampling scales. The derived cquations and the sampling
design procedure are tested and illustrated using the groundwater head data of Collier

County, Florida.

1. Introduction

Historical groundwater head data are valuable for mapping
and mathematical modeling of groundwaler systems. Many
povernment agencies collect groundwater data within their ju-
risdiction boundaries for planning and management of water
resources and environmental systems. However, in addition to
the high cost of building monitoring wells, the cost of muin-
taining and operating a groundwater monitoring network is
expensive, For example, in South Florida, which extends from
the south of Lake Okcechobee to Key West, the groundwater
moniloring network consists of —~1000 monitoring wells, and its
annual operation cost reaches —1.4 X 10° dollars (based on the
1994 budget figures), Thus the design of a groundwater mon-
itoting system in the region becomes an important issue for
waler managers who are concerned with an efficient around-
water management program with a limited budget.

Two typical problems in groundwaler monitoring design are
selecting monitoring sites and choosing sampling lime inter-
vals, These problems have been commonly approached by sta-
tistical methods. The first problem related to the groundwater
monitoring network design has been tackled by several ap-
proaches, including the variance-based approach |Rouwhant,
1985; Loaiciga, 1989], optimization approaches [Cleniawski et
al., 1995; Wagner, 1995, and the heuristic approach based on
facility location [Hudak and Loaiciga, 1992]. Likewise, the sec-
ond problem of sampling time intervals, in which the underly-
ing variuble is serially correlated, has been studied especially in
relation to waler quality variables [Lettenmaier, 1976; Sanders
and Adrian. 1978; Loftis et al., 1991], where the sampling in-
terval is determined as a function of the variance and autocor-
relograms of the sample with the specificd confidence interval
for estimaling the mean of the sequence. However, specific
studies dealing with the groundwater head sampling interval,
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especially for serially correlated data, are lacking. Since the
sampling time interval is dircctly related to the estimation
accuracy and (he annual operating cost of a monitoring pro-
aram, the groundwater head sampling interval should be de-
termined carefully.

It is generally known that groundwater head time series at
monthly or smaller time intervals are serially correlated mainly
because of the slow response time of groundwater flow as
compared with the response time of surface runoff. To account
for the serial correlation in determining the groundwater head
sampling intervals, a stochastic time scries model can be used.
An example of choosing a sampling time interval for serially
correlared data based on a simple stochastic time series model

" applied to a chemical manufacturing process for design of a

discrete control scheme is given by Box and Jenkins [1976].
The main purpose of this paper is to develop a method for
determining the sampling time interval of groundwater moni-
toring wells. Assuming a stochastic model to represent the
groundwater head time series, the method finds a relationship
between the model parameters at two different timescales and
selects a sampling time interval for an allowable noise variance,
The assumed stochastic model is the autoregressive integrated
moving average (ARIMA) model. In section 2, the variance
and the autocovariance equations for five low-order ARIMA
models defined at arbitrary subsample intervals of & are de-
rived as a function of the ARIMA model parameters at key
sample intervals of H. Section 3 presents an application of the
suggested method to determine the sumpling time intervals of
the selected groundwater wells in Collier County, Florida.

2. Methodology Based on the ARIMA Model

Measurcments of groundwater head data are subject to sev-
eral errors. including random errors, instrumental errors, data
processing errors, and space-time interpolation errors. The
magnitude of cach error varies depending on many factors
such as type of instruments, data collecting and processing
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Figure 1. Schematic of a key sample series z, (H = 1 unit)
and a subsample serics M, (A = 3 units).

methods, and estimation methods. Among these errors, the
errors caused by sampling a continuous data into discrete data
points may be quite significant but inevitable because of the
cost associated with groundwater monitoring. This type of er-
ror can be quantified by assuming a certain stochastic model
and by estimating the corresponding noise variance,

One can assume that the underlying continuous process has
an inherent noise variance. If the continuous process is dis-
cretized by a short (uniform) time interval, one would cxpect
that the noise variance of the discretized process will be very
close Lo that of the continuous process. However, as the sam-
pling intervals increase, the degree of accuracy of the informa-
tion decreases, and as a result, the noise variance increases,
The concept that will be applied here is (o [ind the noise
variance of the underlying model for a serics sampled at any
arbitrary time intervals of i based on the model parameters for
a series delined at another time interval A. This will be ac-
complished by linking the variance and the autocovariance
properties of the process sampled at both time intervals. A
relationship between the noise variance versus time interval
will be established, which can be used for determining the
sampling time interval given a predetermined allowable noise
variance, This method is developed assuming that the ground-
water head time series can be modeled by an ARIMA modcl.

Groundwater head time series for small time intervals such
as several days are generally nonstationary due to long-term
variations (seasonality und year-to-vear changes) which can be
eliminated by diffecrencing the time series. Thus an ARIMA
model s considered here. Let us suppose that z, denotes a
discrete time series at time ¢ having uniform sampling intervals
ol /1 (key sample). Without loss of generality but for mathe-
matical convenience, the key sample serics is assumed to have
a unit time interval (H = 1). In addition, let us deline a
backward shift operator 8 as Bz, = z, ; henee B”'z, = z,_,
for any integer m. Also, let us define a backward difference
operator Vas Vz, = z, — z,_, = (1 = B)z, so that V¥z, =
(1 = B)z, for any integer d. Then, the ARIMA(p, d, q)
process is given by [Box and Jenkins, 1976]

d(BIVz, = 0(B)a, (N

in which ¢ is the differencing order, ¢(B) = (1 — ¢ 8 —
.82 — -+ - $,B7) is the stationary autoregressive opera-
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tor, 8(B) = (1 - 0,8 ,8% — -+ — ¢,B7) is the
stationary moving average operator, p and g are the orders of
autoregressive and moving average terms, respectively, and «,
is a white noise process having a mean of zero and a variance
of o = E[a}], where £[ ] denotes expectation,

Low-order ARIMA models have been widely used in the
field of water resources (see, for instance Salas er al. [1980] and
Stedinger and Vogel [1984]). Thus five low-order models,
namely ARIMA(0, 1, 1), ARIMA(0, 1, 2), ARIMA(1, 1, 0),
ARIMA(Z, 1, 0), and ARIMA(1, 1, 1) were chosen in this
study.

2.1. ARIMA(0, 1, 1) Process

Let us assume that a time series z, sampled at a unit time
interval (H = 1) is available. The series is fitted by the
ARIMA(D, 1, 1) process

Vz,=(1—-B)z,=z,~z,,=a,- 04, (2)

where the model parameters are 6, and 2. Suppose now that
a subsample time series M, is taken from the z, series at a time
intetval £ = H. (Figure 1 illustrates the case in which H = |
and o = 3.) Then, the first-order backward difference of the
M, series can be expressed in terms of the z, series us [Box and
Jenkins, 1976)

VM, =2, —2,4,=V2,+ Vg, _ ++ + V2,4
= (g, +a,.+ " +a_uy
— Oyf@ey F ezt )

=4,—
Vlwl—h =

0., (3)
Zipy = Zey = V2 Vg Ve sy
=(apt @iyt @)

~ 0@ gy )
=4~ A (4)

where A, = (4, x + @y gy T b @ y_piq) is the
back-sum of h white noise terms for any time k. Now the
variance and the lag-A autocovariance for the VM, process
muy be obtained as a function of the parameters of the Vz,
process as

yeu(0) = E[VMYM,) = E[AA,] — 0,E[44,_,]
~ 0E[A, Al + OIE[A,.A4,-]
= hul — 200(h — )o} + Bihal
={n(1 + 69 ~ 2(h ~ 1)8,}0? (5)
youlh) = E[VMYM,_,] = E[AA,_,] — 6:E[A,-,4,.;]
- 0.E[AA, ]+ PE[A, A, , ]
=0-0L[a, ] —0+0=—6,0° (6)

and vy (k) for k = h (k = 2k, 3k, 4h,...) is zero.
In addition. an ARIMA(0, 1, 1) model for the VM, series
can be written as

V:W, =4a,— olhal A (7)

where 6, and o7, represent the model parameters of the
series sampled at time interval A, That is, it is assumed that the
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sampling of an ARIMA(0, 1, 1) process defined at time inter-
val H produces another ARIMA(D, 1, 1) process at time in-
terval k. Thus the variance and the lag-h autocovariance for
the VM, process as a [unction of the parameters 6, and o2,
are given by [Box and Jenkins, 1976]

youlM) = E[YMYM,] = (1 + 0} (8)
(9)

Now equating the variances of equations (5) and (8) and the
lag-h autocovariances of equations (6) and (9), the following
expressions are obtained:

'YVM”!) = E[VM‘IVIWI-M] = _Glh‘rgh

(”m‘Tah = 0,07 (10)
(1+ 6% A1+ 0H—2(h-1)8
lh) — 1 1 (1 1a)

91/A . el

These two expressions are useful for determining the noise
variance 2, at any arbitrary sampling interval A given the
parameters of the model for the series sampled at time interval
H. That is, for. h = H, the above two equations can be solved
for 8,, and 2, as a function of 8, and . On the other hand,
for h = M, equations (10) and (11a) can still be used after
switching 8,, o and 8, o, respectively, and replacing i by
1/A. In this case, equation (11a) becomes

(L+ 0% (A1 + 83) — 2(1/h = 1)y

91 61)1

- (11b)

For example, let us suppose that the variable z, has heen
sampled at time interval A = 1 and fitted by an ARIMA(Q, 1,
1) process with parameters 0, = 0.5 and a2 = 1.0, Since the
model order remains the same for the series sampled at time
interval # = 2, equations (10) and (11a) givc_Bl,,cr;f,, = 0.5
and (1 + 62,)/0,, = 3.0, which in turn give #,, = 0.382 and
al, = 1.309. Likewise, for £ = 1/2, 8, = 0.5, and o2 =
1.0, equations (10) and (11lb) give 6,, = 0.61 and oo, =
10.82. Figures 2 and 3 show 6, versus 2 and ol /o versus k,
respectively, in logarithmic scale, for or =1, 8, ranging from
0.1 to 0.9 and A ranging from 0.025 to 60.
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Figure 2. Parameter 6, versus sampling interval A for an
ARIMA(0, 1, 1) model with parameters 8, and o7 defined at
H = 1, in which &> = 1.0 and 0, ranging from 0.1 o 0.9.
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Figure 3. Scaled noise variance a?,/o? versus sampling in-
terval i for the Figure 2 conditions.

2.2, ARIMA(D, 1, 2) Process
The ARIMA(0, 1, 2) model of the series sampled at lime
interval [/ = 1 is given by

Vz, = (1= B)z,=z, "5, =4d,~ By — 0, (]2)

where 8,, 0., and o, are the model parameters. Similar to the
ARIMA(D, 1, 1) model, the first-order differcnce of the series

M,, which is sampled at time interval k, can be cxpressed in

terms of the z, process as

WM, =z, — 24 =Vz, + Vz + - t Viz_ni

C o @he)

(aa, + @,y +°
- Hl(.a(»l + ;- + ey a{—h)
il Py
(13)

VM, =2 = 2ty = (@ep T Qg+ aompoy)
— 0(@poy + Qe T F )

- 62(“1-!7 2t Qg3 T *odam 1)
= "‘11'—41 - Hl"‘lr-—h—--L - H!AI-II—J (14)
VM, o = Zoman = Ziman = (@, oty Ty 3het)
= By(a) ey T T @)
= Bala, ..1;.—_’ S TEE A L o PRETIY)

(15)

"Then, the variance and the lag-# autocovariance of the VM,
series arc

= Ay — O mum — 024 - -2

youl0) = (1 + 83 + 0D E[4,4,] - 26,L[A4,4,-]

— 20,E[A4,A4,.,] + 6.8:L[A, A,

Th(l+ 0F + 83 — 2(h = 1)(0, + B, = 8,67) — 20, a?
(16)
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“E[A, A, ] — 0,E[A, A, 4]

+ 8,0:E[A,_34,_4-1]

Yomlh) =

= ~Ol(_r§’ - (()»(r + 9,0' ) + 6, Harr

= (6,8, ~ 0, - 20,); (17)
in which £[A, A, 1] = (h + i — j)o>. However, since
Yea(k) = 0 for k = 1, the above variance and autocovari-

ance equations are not 5uﬂicicnl Lo eslimale three parameters
ol the ARIMA((, 1, 2) model. Thus one may use the second
best model whenever the ARIMA(D, 1, 2) model is selected as
the best model for a given key sample series.

Alternatively, the model parameters can be estimated by the
variance, the lag-A autocovariance, and the second partial au-
tocorrelation coefficient of the ARIMA(Q, 1, 2) model. Denat-
ing ¢, (k = 1,+++, g) as the kth partial autocorrelation
coefficient in an order ¢ moving average model and p, =
Yoar(k)/¥oar(0) as the kth autocorrelation coefficient, the
first two Yule-Walker equations for the ARIMA(Y, 1, 2) model
are written as

doy + prpan = py
pipa + P = po

Since vou(2h) of the VM, process is zero, the lag-24 partiul
autocorrelation coefficient of the VM, series is given hy

(18)

_ Pf _ _’Yw(/‘)z
1= pi youl0) = youlh)?

b (19)
where both yg,,(0) and yga(2) are obtained by equations
(16) and (17), respectively.

Also, an AR[MA(() 1,
written as

2) model for the VM, series may be

VM, =a, - Oya,., — Oya, (20)
where f,,,, #,,. and o, are the parameters. The variance, the
lag-#t autocovariance, and the lug-2A partial autocorrelation
coefficient of the above VM serics written in terms of the
parameters f,,, 0., and o7, are given by [Box and Jenkins,

1976)

youl0) = (L + 85, + 83) 03, (21)

youlh) = (88 — 800, (22
(B0, — 0)°

e 1 1! _ (23)

(1 + 0 Wt Hy,) (Hmﬁm. th)‘ '

Then, the parameters ,,, 0.,, and o2, can be obtained as a
function of the parameters 8;, 6., and o by equating cquations
(16) and (21), (17) and (22), and (19) and (23), respectively,

2.3. ARIMAC(I, 1, 1) Process

The ARIMA(L. 1, 1) process of the series defined at time
interval H = 1 is given by

Vz, = ¢Vz,., + a,— 6ia, (24a)

where . #,, and o are the madel parameters, The corre-

sponding ARIMA(L, 1. 1) model for the M, serics sampled at

time interval A from the underlving series z, is expressed as

VM, = 6y IM, , + a, - Oya, & (24h)
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where ¢,,, #,,, and a7, are the parameters, Following a
similar approach as in the previous cases, the variance and the
lag-h and lag-2h autocovariances of VM, series are obtained as
a tunction of the ARIMA(1, 1, 1) model parameters of the Vz,
serics as

: df K,
Yyul0) = A(L+ 02— 24.0,) + 2u(l — ¢,8,) =
d’). d’lv

~ [h(1 4 6D + 2(h — 1) — 2hep,0,]

+ 2K, - e‘ffz)}a:: (25)
youlh) = {ﬁz'm“bl‘l . 1_”,]1 “00 Ly gt -
[epy + By — 1)] — 0,BH ) — ljlf:}cr (26)
youl(2h) = {d’ 'fb’ - ”1” - d:”) 0 gr-2ypa gt - 1)
a,q,l)}u (27)

where K, = BB - ) —h + 2, K, = BB(d ' — 1) —
A+l u=a, —-06,.8=¢/(d, —1),andE=0forh =
2or & =1 forh = 2. Full derivations of the above equations
are shown in Appendix A,

In addition, the variance and the lag-h and lag-2A autoco-
variances of VM, in terms of the parameters ¢, 8,,, and o2,
are |Box and Jenkins, 1976

y L+ Qih - "'blhellx 3 s 35

you(0) = 1= ‘.f’m Tiin (28)

W) f ; _

Yalh) = (1 ¢/ 1) (Pra = B1a) o, (29)
(blh

Youl2h) = dipyeulh) (30)

As before, cquations (25)-(30) can be used to determine the
parameters ¢, 0,,, and o2, as a function of the parameters
¢y, 6y, and al,

2.4, ARIMA(Z, 1, 0) Process

The ARIMA(2, 1, 0) model for the series sampled at time
interval # = 1 and the corresponding one sampled at time
interval A are respectively given by

o= Vz,  + V0 +oa, (31)

(32)

where {¢b, d, and o5} and {dy, by, and o, } are the param-
eters for both time intervals H and A, respectively. Appendix B
gives the derivation ol the variance and lag-A and lag-2h au-
tocovariunces of the VA, series, They are summarized here as

V*MI = ‘wbl!lviwl—h + ‘t".’hvjwl—’.h T a,

(o7 1 «p%) \ ,‘-_S

fl gl oy

Yeul0) = b | Yol /)

- h=
2 2 -YV’(-/) + 2y E S -YVzn(.j -1

+ 2epyibs it
=l jm-2 =1 =1

1 =i
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h=2 h=i-1

+ 24, D,

=1

E 'YVza(j - 1)

j=i
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C(33)

h h=i—1
yeulh) = ($3+ ) 2 2 el
=1 =

C R heimt h htt=L

Sl 3D - D+Z X vl D)

=1 i =l =i

h h=i=1
5N
=1 =i

+ by '7‘7:«(}. - 1)

" h-1 h=1 h+11

i by \; ‘Yv:n(i - 1J+2 }_: 'YV:a(j - 1) (34)

- e

i=1 =1 =i

h h+i-1
you(2h) = (d3 + 63 X 2 yelh +))
i=1 =i

h hti-l h hai=l

by ST yelh DY 2
=1 =i i=1  J=t

yo.lh +i+ 1)

i il Aol hti—l

> E Yol +j = 1) + oy

T o1 2 2 L
i=1 j=t i=1  j=t

YVzu(h +j -2)

(33)

where ve (k) and yg.,(k) arc defined in Appendix B. In
addition, the variance and autocovariances of the serics VM, in
terms of the parameters ¢y, i, and o2, are [Box and
Jenkins, 1976]

yau(0) = (1 = du)aan/ A (36)
voulh) = byl A (37)
Yem(2h) = (,d)?fh + oy — ff’%h)”im’“ (38)

with A = (1 + ¢a)[(1 = &24)° #3,]. Equations (33)-
(38) can be used to determine the parameters Bips ape and
o2, as a function of ¢, &, and ok,
ARIMAC(L, 1, 0) Process

The variance and the lag-h autocovariance of the sampled
process which results from the ARIMA(1, 1, 0) process are

2.5.

k=1 h—=i
youl0) = &% hyel0) +2 2 2 vul) | + b
i=1)=1=t
=2 hi-1
+2h 0l h-14+ED 2 ¢ (39)
j=1 j=
i_: h+i—1 h hdr i
yonlh) = 1 S Y yuli) + ol 2 2 (40)
f=1 =t =1 je=i

Since yyo(0) = o2/(1 = $7) and yy.(j) = dhye:(0) forj =
(), the above cquations simplify to

%
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Figure 4. Location map showing the selected groundwater
monitoring wells.

e
Youl0) = [1——‘&, (h+2Ky) + h+ 200 = by + zgﬁ"] o

(41)
-1,

Yomlh) = T & =1 iy
where K, K,, and £ ure the same as for the ARIMA(I, 1, 1)
model. Likewise, Yo (0) and year(h) written in terms of the
parameters ¢, and o2, arc [Box and Jenkins, 1976]

(42)

yeu(0) = o/ (1 — biy) (43)

youlh) = brpyem(0) (44)
Finally, as in previous cases, one ¢an find the parameters ¢,
and 2, us a function of the parameters ¢, and o2 by equating
equations (41) and (43) and equations (42) and (44), respec-
tively,

3. Application to Groundwater Head Data

This section illustrates an application of the modeling ap-
proach suggested herein to 4 groundwater head monitoring
problem. For this study, seven sets of daily groundwater head
lime scries (1985-1990) measured from the surficial aquifer
monitoring wells located in Collier County, Florida, were used.
Figure 4 shows the location of the selected wells, The arca is
characterized by moderately drained sandy soil with extensive
agricultural and urban development so that the short-term
groundwater fluctuation in the region is largely induced by
local rainfall and groundwater pumping. Each well has a digital
water level recorder which automatically logs groundwater
head. The accuracy of the digital water level recorder is about
=3 mm (0.01 feet) |Lierz et al., 1994},

3.1. Model Order Versus Sampling Time Interval

First of all, the key sample series of daily groundwater head
in each well was fitted by ARIMA models. The daily time
series of all seven sites (plots arc not prescnted here) appear to
be nonstationary so that differencing of the key sample scries
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Table 1. Some Statistics and the Estimated ARIMA Model Parameters for the Selected Groundwater Time Serics

Statistics/Parameters Wil w2 w3 W4 W5 W6 W7
Mean, ford = 0, m 1.788 1.489 1.760 3323 2.021 2,120 6.908
Variance, for d = 0, m? 0.268 0.187 0.274 0.085 0.064 0.203 0.480
Varance, for d = |, m? 0.00122 0.00328 0.00317 0.00631 0.00297 0.00132 0.02873
Selected ARIMA order (1, 1,0 (0. 1,2) (1,1,0) (LL 1 (2,1,0) (L1,1) (0,1,2
Paramcters estimated by the

maximum likelihood method

b, 0.314 NA 0.237 0.826 0.137 0.499 NA

a NA NA NA NA -0.122 NA NA

9, NA 0.035 NA 0.907 NA —0.080 =0,007

By NA (1112 NA NA NA NA 0.1626

ol (m?) 0.00110 0.00325 0.00299 0.00619 0.00289 0.00091 0,02817
AIC —6329.9 —6310.1 —4916.5 —6587.9 -9109.9 - 1599 4

~80696.7

H = 1 day: NA, nonapplicable; AIC, Akaike information criterion,

was necessary for making the data stationary. Ten low-order
ARIMA models were fitted for each data, namely (0, 1, 1),
(0. 1,2), (1,1, 1), (1 1, 0), (2, 1,0), (0,2, 1), (0, 2, 2), (L, 2, 1),
(1.2,0), and (2, 2, 0). Then, the best fitted ARIMA model in
each well was sclected based on the Akaike information crite-
rion (AIC) [Salas et al., 1980]. Also, the Bayesian informution
criterion and a ¢riterion based on the minimum noise variance
were investigated as alternative model selection criteria, but
the results by both of these statistics were nearly identical to
those obtained by the AIC statistic. Table 1 presents the best
fitted ARIMA model in each well with its model parameters
which were estimated by the least squares method,

To predict the noise variance of a subsample scries defined
at a uniform sampling time interval 4 given a key sample series
at H, an appropriate ARIMA model structure needs to be
assumed. The muin assumption used in the derivation of the
variance and the autocovariance equations of two different
time intervals is that the ARIMA model order remains the
same regardless of the time intervals of the series. While this
assumption must hold based on mathematical arguments, one
may question whether such an assumplion is valid or not for
the actual data. Thus a further stochastic analysis was made in
order to verify to what degree the groundwater head data at
various timescales can be fitted by the same order model, For
this verification, severul subsample series at arbitrary uniform
sampling intervals were taken from each well’s daily ground-
water head dala, und cach of them were fitted by the ARIMA
models. When subsample series at time inlervals of 4 are taken
from a key sample at H = 1, 4 diflerent subsamples may arise.
For instance, for & = 2, two possible subsamples from a key
sample series are x,, x,, X5, * and x,, x4, x4, -+ . Thus, for

Table 2, Best (Second Best) Fitted ARIMA Models Based
on AIC Statistics for Various Sampling Intervals

h,
days Wi w2 W3 Wd W5 Wa W7
1 A(E) LE@W A{E) C(E) B(E CHB EWO
2 C(R) B(E) B(E) C(E) C(E) C(E) E(
4 C(EB) AM D@A) C(E) C(E) C() B (D)
5 C(B) E(B) AM) EE) C(E) A(E D
10 AD) C(A) AD) AMD DB B D (B)
00 A(E) E(B) A(D) C(D) C() D(A) A(D)
30 E@®) E(B E[B E(D C(E) E@DO E (B)
ol E(B) E@® E(B) LD CE E(@D EB)

A, ARIMA(1, 1, 0) madel: B, ARIMA(2, 1, 0); C, ARIMA(L L. 1):
D, ARIMA(0, L. 1): E, ARIMA(0, 1, 2).

eight arbitrary timescales, namely, & = 1, 2, 4, 5, 10, 20, 30,
and 60 days, a total of 132 subsamples of groundwater head
series were available for analysis of each well. Then, for each
well and each sampling interval A, the referred 10 ARIMA
modcls were fitted from which the best model for cach time
series was selected based on the AIC statistics, Since the se-
lected models for different subsamples may be different, the
“best™ model and the “second best” model selected in cach
case was that with the highest frequency,

Table 2 lists the best and the second best fitted ARIMA
model orders for each time interval 4. Table 2 shows that for
all seven wells, the lirst-order differencing ARIMA models are
always better than the second-order differencing models. The
results of Table 2 may be analyzed in various ways. For in-
stance, if the criteria are based on the [requency in which the
best model (criterion a) or either the best or the second best
maodel (criterion b) selected for the key sample series (H = 1)
is also the best or the second best model for the other time-
scales ki, the following values in Table 3 are obtained.

The results are quite good given that 10 different low-order
models were considered. Furthermore, if the criteria are based
on the frequency of the best model (given preference to the
model having shorter time intetvals) to be also the best (cri-
terion a) or the best or the second best (criterion b) throughout
all timescales, one gets the values shown in Table 4. The two
sets of results in Table 4 confirm reasonably well the fact that
the same model is valid for any sampling interval 4. In addi-
tion, if one considers the likelihood that the best model for a
given time interval is also the best or the second best for any
adjacent time interval (for example, 4 = 1 andh = 2, orh =
5 and A = 10), the resulting frequencices are 45% (22 out of
49) and 69% (34 out of 49), respectively, both of which are
significantly larger than 10% (that is, the theoretical likelihood
when 10 low-order models are considered).

Table 3. Frequency in Which the Order of Subsample
Model is the Same as That of Key Sample Model

Frequency, %

Criteria W1 w2 L& w4 W35 Wi W7
bl 29 57 43 43 0 29 43
57 71 100 86 8O 43

57

Criterion a, best model; criterion b, best or second best model.
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Table 4. Frequency of Being the Selected Best Madel Order

o ey
Frequency, %

Criteria W1 w2 W3 W4 W5 W6 W7
Best model (1,1, 1) (0,1,2) (L1 (1,1, 1) (1,1,1) (1,1,1) (0,1,2)
order
a 38 63 30 50 75 38 50
b 38 75 63 63 73 50 50

3.2. Noise Variance Versus Sampling Time Interval

On the basis of the ARIMA model parameters determined
for the key sample series at time intervals of H = 1 day, the
“derived” noise variances o2, at arbitrary sampling intervals
ranging from 2 to 60 days were computed using the derived
variance and autocovariance cquations, The implicit systems of
nonlinear equations that must be solved for unknown param-
eters of the subsampled process were solved by a modified
Powell algorithm with the parameters of key sample series as
the initial input [/ntemational Mathematics and Statistics Li-
braries, 1991, The madified Powell algorithm provided good
convergent solutions in this case without experiencing any par-
ticular numerical problems. Although the best fitted ARIMA
model order at each well was identified in subsection 3.1, the
noise vatiances o2, for the five low-order ARIMA models
discussed in section 2 were estimated [or comparison. The
results of o2, versus i for wells W2, W3, and W4 are plotted
in Figures 5, 6, and 7, respectively (the results of the other four
wells are similar but not presented here), Figures 5-7 also
include the “estimated” noise variances o2, versus i which
were obtained by fitting the best ARIMA model in each well
(listed in Table 2) with the 4 interval subsample series laken
from the daily key sample series. Since the variation of noise
variances for all different /# interval series taken from a daily
series was nearly negligible compared to the variation of the
noise variances resulting from different ARIMA models, the

1000 —— W
3| —— ARIMA@LD W & =
J| === ARIMA(0L2)
| - ARIMAQ,1,0)
_ = = ARTMA(LLD
............ ARIMA(21,0)
o100 * * * Petimated ’
F 3
Z E
o9
2 i
E 0.010 —=
> E
g -1
=
0.001 —1

1 10 100
Sampling Interval (h days)

Figure 5. Noise variance a’, versus sampling interval i ob-
tained [rom the derived variance and autocovariance cqualions
with the groundwater head data at well W2, in which [ =1
day was used. In addition, the cstimated noise variance (dots)
were obtained from the hest fitted ARIMA model to the
groundwater head series sampled at each time interval h.

estimated noise variance of each time interval 2 here is that
obtained from an arbitrary selected series among A dillerent
series.

For wells W2 and W3, therc are good agreemenls between
the derived and the corresponding estimated noise variances,
For well W4 (Figure 7), some differences between the derived
and the estimated noisc variances are observed especially for
large values of i even though the results arc good for h o= 10
days. For well W4, one may be able Lo get better results for
large values of A if the key sample time interval A is greater
than 1 day. Therefore the relation a2, versus A shown in
Figure § was computed considering the key sample series for
H = 5 days taken from the daily time scries, The result shown
in Figure § indicates that except for & = 1 and £ = 60 days,
reasonably good correspondence exists between the derived
and the estimaled noise variances throughout the rest of the
time intervals.

Also, it should be noted that the alternative solution ap-
proach for the ARTMA(0, 1, 2) model given by equations (1Y)
and (23) gives reasonable cstimations of noise variances in
most cases; Hspecially, Figures 5 and 8 clearly demonstrate
that for A == H case, the result based on the alternative
solution approach for the ARIMA(0, 1, 2) model is better than
the approach based on the second best ARTMA model.

The foregoing analyses indicate that the derived variance
and autocovariance equations in section 2 may provide useful
estimates of noise variances over a wide range of sampling
timescales. The relation o, versus & (shown graphically, for
instance, in Figure 8) also demonstrates thut the noise variance
«r2, of subsample series for both 4 = H and h < H cases may

1O —— e —
3| — ARIMA(LD) w3 & U=1
4| === ARIMA(01,2)
| P = ARIMA(LLO) .
- J1° ARIMA(LLL)
g wrmeee ARIMA(ZL0) /o
2 0=l * ¢ Eatimated
§ 3
T ]
8
;‘g 0.010—:
@ 3
4 .
z -4
b _“-’-‘_‘“"" LI B B L LA B
. 10 100

Sampling Interval (h days)

Figure 6. Same as Figure 3, but well W3 and H = 1 day.
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3| T ARIMAQLY W4 & H=1
=| ——— ARIMA(012) '
| R = ARIMA(LL0)
- 1| — — ARIMAQLY i
E - ARIMA(Z1,0)
B 0100 e
] . K
5 ]
£
& 0.010
@ =
-8 E
= ]
0.001 T T {2 R S B e 4 T T T L B
1 10 100

Sampling Interval (h days)

Figure 7. Same as Figure 3, but well W4 and I/ = 1 day.

be easily obtained on the basis of model parameters deter-
mined for a key sample series at & interval. The case £ = H
is especially important when the subsample series for time
interval A is not available.

The relations o, versus # as in Figures 3-8 can be applied
for determining the groundwater head sampling interval at
each well. That is, under a specified allowable noise variance,
the corresponding sampling interval at each well can be read
from the o2, versus & curves. The allowable noise variance
might be cither a constant throughout a region or a variable
depending on the regional condition. For example, the sam-
pling intervals which are obtained from the o2, versus i curves
(marked by dots in Figures 5-8) for two arbitrary allowable
noise variances are shown in Table 3,

As one may expect, the well having the highest sample vari-
ance (W7) needs to be sampled more frequently, while the one
with the smallest variation (W5) needs less frequent sampling,
Note that even though the variances of two wells are nearly
identical (ie, W1 and W3 ford = 0, or W2 and W3 for d = 1),
the sampling time intervals obtained by the proposed method

1000 —— |
3 —— ARIMA@LD | W4 & H=5
4 ——— ARIMA(L2) |
5| B — ARIMA(LL0)
7 AT 7 ARIMAQLD
E ............ ARIMA(ZJ.O) e .
2 o0 " " ° Estimated
g 3 S .
8 =
:
& 0010
»
'
- - i
0.001 ‘l T T LA B B B B
1 0 100

Sampling [nterval (h days)
Figure 8. Same as Figure 3, but well W4 and H = 5 days.
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Table 5. Suggested Groundwater Head Sampling Intervals

Sampling Interval i, Days

Allowable Noise
Variance o2, Wl W2 W3 w4 W5 we W7

0.04 m* 15 16 9 10 30 10 1
0.10 m* 30 45 20 90 100 25 5

are different as a result of the effect of serial correlation of the
data.

4. Concluding Remarks

An approach for determining a uniform sampling time in-
terval for serially correlated groundwater heads using stochas-
lic time series analysis has been presented herein. The pro-
posed approach involves fitting an ARIMA model to the
available time series sampled at a given time interval H (key
sample series), finding the parameters of the model for the
series sampled at any arbitrary time interval A& (subsample
series), and establishing 4 relationship between the noise vari-
ance 2, and time interval A, from which one can determine
the sampling time interval & given a predetermined allowable
noise variance for the well at hand. The main contribution of
this puper has been linking the properties of the stochastic
maodels of series sampled at two different time intervals and
establishing a sampling criterion based on the noise variance.

The derived equations and overall sampling design proce-
dure have been tested for the groundwater head data collected
from Collier County, Florida. In general, the noise variances
computed from the derived equations match reasonably well
the corresponding estimated variances obtained [rom the ac-
tual data. In cases where some departures are observed, the
approach is still uscful by sclecting a key sample series at
different time intervals. The suggested approach can be imple-
mented for determining a groundwater monitoring program
throughout a region. For instance, a sampling criteria may be
specified such that the same error variance is maintained
throughout the region. This case was illustrated in subsection
3.2 where the allowable error variance o, was sct and the
uniform sampling time interval & at each well was determined
from the derived o, versus A relations. In addition, the pro-
posed method may be attractive for multilayered aquifer sys-
tems where the serial correlations of groundwater heads may
he different from one layer to another. [n such cases, it may be
possible to design a sampling scheme for obtaining uniformity
of measurement errors in groundwater monitoring throughout
layers based solely upon the temporal correlations of the
groundwater head data,

2

Appendix A: Variance and Autocovariances for the
ARIMA(1, 1, 1) Model With Sampling Interval A

For the ARIMA(L, 1, 1) model of equation (24a) the cross
covariance of Vz, and «a, is given by ve_,(k) = Cov (Vz,,
a,_;) = E[Vza,_,] since E[Vz,] = Ela,] = 0. Such cross
covariances are given by yq_ (0) = E[Vz,a,] = E[(4,Vz,_,
I a, Bia,_)a,] = oF and ye,,(k) = E[Vza, ] =
B[V, qa, ] = &% "ol fork =1, with ¢ = $, - 8,
and yy., (k) = 0 for k = 0.

From equations (24a) and (24b) the VM, series at sampling
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time interval A can be expressed in terms of the z, series at
sampling interval H = 1 as

VM, =z2,—2,,=Vz,+ Vg + + Vz_4
= ¢p(Vz, |+ Vz,y+ 0+ Vz)

+(ata o tae) = Oa +a ot any)

A, = A

V‘Ml—h = ILpep T A= T ‘Pl(vzl—h—l - Vzr—h—?. +oor Vzl—'zh)

= (t"lvz(—l - (A]'.)

+ (@iep F Qg T 000 F Gienin)
= 0(@yopy F @z T F )
= VZih + Ay — 04 pmy (AZ)
VMoo= 2o — 23w = O1(VZcuo + V22t VZmw)
+ (U F Qg T 7T Q)
S ACTICTSN IR L PP S o PR
= VZ gy + Az = i (A3)

where VZ,_, = (Z,_p *~ 2,41 =~ "+ Z_4_p 1) and
A, = (@ + @y + - F @iy _pen) have h back-
Sum terms.

Then, the variance of the series VM, expressed as a function
of the parameters of the Vz, series is given by

Youl0) = E[VMIM,] = $IE[VZ,.VZ,|]
+ 2. E[VZ, A,] = 2 0.E[VZoA,- ]
~20,E[A A, ]+ (1 + 0DEL4, 44,.,] (A4)

Since the variance and autocovariances of Vz, are given by
Yo.l0) = (1 + Hi' = 2¢,0,)05/(1 - &), v (1) = (1 -
b,8))bal/(1 — &), and vy (k) = ¢4 yu(1) for k = 1
[ Box and Jenkins, 1976], the first expectation term in equation
(A4) is determined by

E|VZ,_VZ,_]

Vv 0) +yv.l1) + +yv:lh = 1)
+vv:(1) +yg:(0) + +yg.lh - 2)
+yeh 1) tyelh—2) T +ye:(0)
L
- E 2 Yv:(j)
i=1 j=l=i
o[ | |
TiTe MU 0% = 24py8,) + 20(1 — 10)
@y

&

The sceond expectation in equation (A4) is given by

3
; (’51- [Blah ' = 1) —(h - 1)]}.

i) o

+i) ol

D+ 1+
+(0+0+1

+epytfp o+ -
+w 4
.L':[VZ; 1/'1,_1 = .

+HO+0+0 40+ +0) o,
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h=2 h=i-1
(r;f(h -1+ & 2 E cp’l")

=1 =1

ff;'[h =1+ & % (B} - 1) = (h - 2)]}

inwhich £ = 0forA=2and £ = 1forh = 2, and = /(d, — 1).
Likewise, the other expectation terms are given by

(1 + o b+ ot al
0

#O+1 i e

E[Vzl~|Al—1] =

FO+0 40+ +1)od

h=1 h=1
} "5(" P ‘”‘_l)

\ (=1 =l

= (_ri{ h+ % [ﬁ(lb};_l -1)—(h — 1)]}

E[At'{{:] = E[Ar—l-Ar-L] = hl!‘;':
El4A,,] = (h - 1)a]

Rearranging equation (A4) with the above expectation terms
results in equation (25). Also, the lag-A autocovariance of VM,
as a function of the parameters of Vz, becomes

Yeulh) = E[VMYM,_,]= HE(VZ, \VZ,_-1]
+ d)lE[VZ, |/’1,_;,] ol d)]BlE[sz_lfl, 'h"'lJ
- OIE'[AV lAt—h]

in which the expectation terms are computed by

(AS5)

E[VZI—IVZr—h—l]

Youlh) Fyelh — 1) 40 Fyell)
+yg(h + 1) +yv.(h) + +ye.(2)
+yn(Zh — 1) Fye(2h=2) + 0 Fyelh)

b hti-l h N2
(= DL — 10)
= ? ‘S‘ i = B’ . 5
2 2 vl = BN T )

E[VZ,_]A,_;.]
(575 el u
(@ T

+ + Lol
+d + U)o,

O S T N R O

h=1 B h+i=1 |
{1 + w(E ARV qb’H

=1 j=1 j=i /

s 3 - B \
f_r,{1 I 'J»T" . ‘—1)[1*'3;]((1%—1)“
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ElA,A,.,] = o E[Vza,) = E[(#,Vz, , + &5Vz, , + a,a,] = o2,
— . Yyza(l) = E[Vza,_] = E[(¢,Vz,_, + ¢,Vz,_, +
f_‘,[Vé,_‘A.,_,',_,] al)al—'l] = (b'lE[vzz—l-a:—I] - d"lrf:" and ')'V:u(,.k.) =
h—1 h=1 3 2 Elvzt[’r—kj = (.t'lVV:t{(k - 1) + 'i’ZYVza(k - 2‘) fork = 1.
SO T From equations (31) and (32), the VM, series can be ex-

+. .

Pl Tl +ab ) o) pressed in terms of the z, series as
g YM,=Vz,— Vz,_, =Vz,+ Vz,_, + - - + Vz,041

+ =2 e 2h=3 EPEPI 4 a=l a.2
(.(bl !‘{l li), 'll ¢"l 'l’) a - (b1(.vz.'—! + VZ,_I + - VZ, /1)

o h+i-1
= gort S S ‘_b/l—-l = '/10'3;/33('(13/1‘ _ ll)z/‘f’? + &u(Vz, oy + Vzy + -+ Vzny)
=l - (al Fol o dopa)
Substituting the foregoing expectations into cquation (AS5) = p,VZ,, + $VZ, )+ A (B1)
1 =1 2 =2 t X

yiclds equation (26).
[n addition, the lag-2/ autocovariance of VM, is given by

you(2Zh) = E[YM M, ] = $IE[VZ,-\VZ -]

VM, .p= V2, — V2

SV + Va4 + Vi)

+ E[VZ o Adn] = 10 E[VZ A, (A6) + vz B0y ook 1 oWy )
Pl Vii—p-2 Sr-h=2 " Lp=2=1

where the expectation terms are computed by

+ (.ur—h + Wrp=1 F e ur—;’.h-—l.)
E[VZ,_\VZ _y_]
=dVZ gt ¢V L+ A, (B2)
vv:(2h) Tyel2h - 1)+ +yelh+ 1)
tyel2h + 1) +yel2h) - Hyelh +2) VM iz = V2 = Vzioy,
: = (Vz, 0+ Vz, 9+ + V2 )
+ye(3h—1) +vyu.(3A—-2) --- +yy.(2h) : |
8 : Lk : b + bV g+ Vr g+ Viy)
B hriel ol . .
= o . . G = (1~ ) + (Uyeap F oy F 0 Geapr))
=2 3 wwlh +)) = ol oy 08 s o
=1 =i ] N = VZi o+ &N+ A (B3)

E[VZ,_A,_y- : : ’ . :
(V2] Then, the variance of the VM, series written in terms of the

(p¥1y n (‘b.;/x-z‘{, oo | ’1"-/-’)(75 parameters of the Vz, series becomes
) Py AP e RNl youl0) = E|VMYIM,] = (p1 + ¢ E[VZ,.VZ,_|]
I i B AT T a4
+ 2oL (VL2 VZ, 5] + 20,E[VZ, 54 )] (B4)
= drr; é h%‘_‘l P = I pRp At = 1)? where E[VZ,_,VZ,_ ] and E[4,.1,] are the same as for the
i=l jei ARIMA(I, 1, 1) model, and the remaining expectation terms

are determined by

E[VZ,. A -]
A Y R AL

F(PF Ny AP 4. +@hyye? 040+ yol0)  Fyelll) +--- +yg,lh—3)
= ' : ! +0+0+0 +7V:a(().) +re Fygalh — 4)
G S IR S L - : - :
+0+0+0 0 ek ¥ +0
h h+i-1
= ot E E DI = gt - 1) h=2 h=i=1
ial ji = E E Yealf = 1)
iml =i
Replacing the above expectation terms into equation (AG)
results in equation (27). E[VZ,_VZ,_,;]
Ye.1) Fye.(0) +r0 tynlh = 2)

Appendix B: Variance and Autocovariances of the o (0 e h - 3)

ARIMA(2, 1, 0) Model With Sampling Interval / _ O Lo
For the ARIMA(2, 1, 0) model of equation (31), the cross : : Y ;

covariances ol Vz, and @, can be cxpressed a8 ye.,(0) = +yelh = 2)  tyelh -3) +--- +vy(1)
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a=r=1

h
=3 Y vl

iwl jei-2

E[VZ,.A]

0+ ngn(o.) +7‘7m( L) shwwy +‘YVza(:h - 2)
+0+0 +'YVm(.0) te-- t -YVm(h - 3)
+0+0 +0 e e +0

h=1 h-i
=2 2 vl - 1.
=1 =1

Then, equation (33) results by replacing the above expectation
terms into equation (B4),

Also, the lag-h autocovariance of the VM, series is obtained
by

’YVM(}Z) = E[VJW,VJW,_;‘] = (‘b‘l’- T d’%)E[Vzr—lv‘?! h—l.]
+ ¢)1¢)~3E[VZ,_ Evzv—h—l-l £l d’lE[VZ:-lVZv—h-‘z]

+ 6 E[VZL A, 4] + $E[VZ, 04, 4] (B3)

where the term E[VZ,_,VZ,_, _ ] is the same as that for the
ARIMAC(1, 1, 1) model, and the other expectation terms are
computed by

EVZ, VZ, ]

'Yv:(h - 1-)
+ ’YV-G(h )

+yv.lh —2)
+"/Vz(h - ])

t

+v+.00)
+ FYV((’ 1 )

t

+yg(2h — 2) +yul2h=3) + - dyplh—1)

h h=i—l

=2 > -1

=1 j=i
E[VZ‘—]VZr—h—'Z]

'sz(h + 1) "“YV:UI) oo
tyglh +2)  A+yelh +1) 4o

+'YV:(.2)
+yl3)

+vv.(2h) +oyg(2h 1) o Hyelh + 1)

A il

=2 Y yuli+ 1)

jml i
E[VZ-A ]

+yglh ~2) 4
tyvalh = 1) e

-yvzu(h - 1)

T '\.’Vm(:/z )

- FYVM(.O)
*+ J‘/Vza(: l)

Fyva(2h —2) +yva(2h —3) + 0 dygllh - 1)

h o hti-l
= .\_: E ’YVm(.j - 1)
jml i
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E[VZ, 24, 4]
’Yv_._a(l'l -2) +-szu(h - 3) s i @ +0)
Fygalh = 1) Hyeulh—2) - t¥v.(0)

+7V{(1(2}1 - 3) +","V:a(2h - 2-) L +'va(h = 2)

a1 A=1 k+i=1
- 2‘ YVza(i - ]) + :ZJ E 'YVm(j - 1)
i=1 jml jei

In addition, the lag-2h
given by

autocovariance of the VM, series is

yeml2h) = E[VA"IIVM:—‘M] = (dﬁ + (bg)E[Vzi—lvzf—‘M-l]
+ 1 $E[VZ, ¥ Z ] + 1B [VZ, \VZ ]
+ qu[VZ, I‘qr—‘.h] + (b-gE[vx, :!"1:-1hl (Bb)

in which the expectation terms are

ko h=i=l
E[NZ,\VZi 3= E, E yolh + J)
i=1 j=t
A atr-1
E[VZ,.VZ, -] = E E yo.lh 7 —=1)
=1 =i
fz ki1
BIVZ 9Ziud =3 3 wlh +i+ D)
. =1 =i
ko A+i=1
E[Vzr--lA:—;’Jn] = E 2 'YVzu[h +]— l)
=1 =i
,h hti=1
E[VZiodiu) = 2 2 Youlh +j = 2)
=1 )=t
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